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Plan of the talk

• 1. Physical motivations
• 2. Boundary conditions
• 3. Eigenvalue condition for scalar modes
• 4. Four zeta-functions for scalar modes
• 5. Non-singular one-loop wave function
• 6. Functional integrals for brane

cosmology
• 7. Open problems



1. Physical motivations

• (i) Functional integrals and space-time 
view. Is the Universe still singular in 
quantum cosmology?

• (ii) Early universe from quantum physics; 
wave function of the Universe and Hartle-
Hawking quantum cosmology.



1. Other physical motivations

• (iii) The whole set of physical laws from 
invariance principles.

• (iv) Spectral theory; functional 
determinants in one-loop quantum theory; 
first corrections to classical dynamics.



2. Boundary conditions

• Unified scheme for Maxwell, YM, GR:



Gauge-invariant boundary data

• Both (1) and (2) are preserved under 
infinitesimal gauge transformations 
provided that the ghost obeys 
homogeneous Dirichlet conditions as in 
(3). For gravity, we choose the gauge-
fixing so as to have an operator P of 
Laplace type in the Euclidean theory.



3. Eigenvalue condition for scalar 
modes

• On the Euclidean 4-ball, we expand metric 
perturbations h in terms of scalar, 
transverse vector, transverse-traceless 
tensor harmonics on the 3-sphere. For 
vector, tensor and ghost modes, boundary 
conditions reduce to Dirichlet or Robin. For 
scalar modes, one finds eventually the 
eigenvalues E=x**2 from the roots x of



3. Bessel functions and their 
derivative



4. Four spectral zeta-functions for 
scalar modes



Modified Bessel functions



5. Non-singular one-loop wave 
function



5. Uniform asymptotics



5. Spectral cancellation



5. Regularity at the origin



5. Log, Gamma and Poli-Gamma



5. Three goals at once



5. Cross-check



5. Regularity at the origin



5. Spectral coefficients



5. Vanishing 1-loop wavefunction



6. Functional integrals for brane
cosmology



6. Towards the effective action



6. Expansion of bulk and brane
metrics



6. de Donder gauges



6. Vector fields on the space of 
histories



6. 5-D and 4-D diffeomorphisms



6. Bulk and brane ghost operators



6. Gauge-fixing terms



6. Full bulk integration



6. Wave function of the bulk



6. Full effective action



6. Bulk BRST transformations



6. Brane BRST transformations



6. Action for brane models



6. Oblique boundary conditions



6. Duality of boundary-value 
problems



7. Open problems

• (i) Are our spectral cancellations a peculiar 
property of the Euclidean 4-ball, or can 
they be extended to more general 
Riemannian manifolds with boundary?

• (ii) What is the deeper underlying reason 
for finding \delta \zeta(0)=2 for some 
scalar sectors? Can we foresee a 
geometrical or topological or group-
theoretical origin of this result?



7. More open problems

• (iii) Can we say that our positive \zeta(0) 
value for pure gravity engenders a 
quantum avoidance of the cosmological 
singularity at one-loop level? Does the 
result remain true in higher-loop 
calculations or on using other 
regularization techniques for the one-loop 
correction?



7. Yet other open problems

• (iv) Is the whole scheme relevant for 
AdS/CFT, in light of a profound link 
between AdS/CFT and the Hartle-Hawking 
wave function of the Universe?

• (v) How to build and apply the background 
field method for quantum brane
cosmology?
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